Abstract-The vibration analysis of an adhered S-shaped microbeam under alternating sinusoidal voltage is presented. The shaking force is the electrical force due to the sinusoidal voltage. During vibration, both the microbeam deflection and the adhesion length keep changing. The microbeam deflection and adhesion length are numerically determined by the iteration method. As the adhesion length keeps changing, the domain of the equation of motion for the microbeam (unadhered part) changes correspondingly, which results in changes of the structure natural frequencies. For this reason, the system can never reach a steady state. The transient behaviors of the microbeam under different shaking frequencies are compared. We deliberately choose the initial conditions to compare our dynamic results with the existing static theory. The paper also analyzes the changing behavior of adhesion length during vibration and an asymmetric pattern of adhesion length change is revealed, which may be used to guide the dynamic de-adhering process. The abnormal behavior of the adhered microbeam vibrating at almost the same frequency under two quite different shaking frequencies is also shown. The Galerkin method is used to discretize the equation of motion and its convergence study is also presented. The model is only applicable in the case that the peel number is equal to 1. Some other model limitations are also discussed.
INTRODUCTION
The voltage between a microelectromechanical systems (MEMS) structure and the substrate is an important issue for a capacitor-like MEMS structure [1 -9] . Due to the attractive force generated by the voltage, a free-standing structure may experience pull-in instability which finally may lead to structure adhering to the substrate [5 -8] . For the adhered structure, the static voltage also affects both the microbeam deflection as well as adhesion length [9] . Mastrangelo and Hsu [10, 11] used the energy method which determines the structure equilibrium/equilibria by finding the energy functional stationary point(s) for the static studies of the different structures adhesion problems under no electrical force influence. So far, most studies have focused on the static study of the adhesion problem [4, 9 -14] . This paper extends Mastrangelo and Hsu's energy method to the dynamic case of the adhered microbeam vibration under an electrical shaking force by incorporating the kinetic energy and the work due to the electrical force into the energy functional. The microbeam is divided into two parts: the adhered part and the unadhered part. The adhered part is assumed flat and immovable and, therefore, it does not contribute to either elastic potential energy or kinetic energy of the beam. For the unadhered part, its deflection is determined by the work of electrical force, the elastic potential energy and kinetic energy. The derivative of energy functional, which includes the kinetic, and potential energies, work of electrical force and adhesion, is used to determine the microbeam adhesion length. In each time step, the derivative is taken to determine whether the microbeam peels-off or adheres more. Once the stationary point(s) is found, and the adhesion length is determined, the microbeam deflection is re-computed. On the other hand, the microbeam deflection and adhesion length must be assumed at the beginning to compute the energy functional. The iteration is used to determine the microbeam deflection and adhesion length in each time step. The goal is to provide an approach to study the vibration of an adhered structure. Although the excitation source is the electrical force in this study, it can be extended to study the vibration due to the other sources such as mechanical, inertial, or acoustic excitation.
PHYSICAL MODEL AND PROBLEM FORMULATION
In Fig. 1a , a microbeam with length L is separated from the substrate by a gap distance g. The substrate is coated with a thin dielectric layer of thickness d e with permittivity . Figure 1b and 1c shows the arch-shaped and S-shaped adhered microbeams, respectively. For the arch-shaped microbeam, the contact area is extremely small; therefore, the measurement largely depends on the contact local properties and the statistical error is relatively much higher [4] . de Boer et al. [15] argue that a better way of studying meaningful surface interaction energy is to investigate the S-shaped case only. Thus, in this paper, only the S-shaped adhered microbeam is studied. S is the length of the unadhered part and L-S is the adhesion length of the S-shaped microbeam.
In Fig. 1c , the kinetic energy of the unadhered beam part is given as
where ρ is the microbeam mass per unit length. w is the microbeam deflection and w = w(t, x, S). w t = ∂w/∂t and t is time. It is assumed that there is no motion in the adhered part. U B , the microbeam elastic potential energy of bending, is given as
where EI is microbeam bending stiffness, E is Young's modulus and I = bh 3 /12 (b and h are the beam width and thickness, respectively) for rectangular cross section beam. For the adhered part, the microbeam stays flat and there is no deformation, so its elastic potential energy is zero. U S1 , the stretching energy part due to the large deformation, is [16] 
where A is the cross-sectional area and A = bh. U S2 , the microbeam stretching energy part due to the axial load P , is as follows
W S , the detachment work due to adhesion is [17] 
where f θ is a dimensionless roughness function and W a is the Dupré adhesion or work of adhesion per unit area, expressed as [18] 
where γ 1 and γ 2 are the two surface tensions of the beam and substrate before adhesion, respectively. γ 12 is the interfacial tension after adhesion and γ 1 + γ 2 − γ 12 > 0, which physically means that when the two surfaces unite to form an interface, the net free energy reduces. W E , the work done by f e , the electrical force per unit length, is
f e has the following expression for the substrate coated with a layer of dielectric material [1, 2] .
where o is the vacuum permittivity, is the permittivity of coated dielectric layer material, d e is dielectric material layer thickness, V is the voltage between the substrate and the microbeam, and g is the gap distance between the microbeam and dielectric layer. The energy functional is
By applying Hamilton's principle (
δ dt = 0), the governing equation for the microbeam in 0 x S domain is derived as
And the four boundary conditions are
The governing equation (10) can only be used to compute the microbeam deflection w in the domain of 0 x S. It does not determine S. For this dynamic analysis, ∂ /∂S = 0 is still used to determine S as Mastrangelo and Hsu did for the static case [10, 11] . For the static case of microbeam structure (with no electrical force influence), there is only one stationary point of ∂ /∂S [10, 11] . Zhang and Zhao [9] show that in the static case of the microbeam under an electrostatic force, there is also only one stationary point. For numerical computation, we adjust equation
where is a very small positive number. If equation (12) is not satisfied, S is varied to compute w, and again using equations (10) and (9), respectively, because w and are different for different S and varying the S is the way to satisfy equation (12) . The iteration continues until equation (12) is satisfied. Once equation (12) is satisfied, S is found and w is re-computed one more time. To illustrate this procedure of finding S, a simple static example with no electrical force, no axial load and no nonlinearity due to axial stretching, is given. For this case, the governing equation (10) changes as
The boundary conditions remain the same as those in equation (11) . The microbeam deflection w(x, S) is determined as
Here S is an unknown constant. Now because
To determine S, we take the derivative
From equation (15), S is determined as
Because of the simplicity of this problem, here S is directly solved without iteration. This S value is the long slender microbeam equilibrium unstuck length with the peel number N p = 1 [10, 11, 17] . The peel number is the ratio of the elastic energy of the deformed microstructure to the the work of adhesion between the microstructure and substrate [10, 11] . For N p > 1, the beam elastic energy is greater than the work of adhesion, and thus the beam cannot adhere to the substrate. For N p 1, the beam adheres to the substrate [17] .
NON-DIMENSIONALIZATION AND NUMERICAL METHOD
To non-dimensionalize the equations, the following quantities are introduced [6] 
The governing equation (10) now becomes
Here
r is relative permittivity defined as r = / o . Here the operator () = ∂/∂ξ . Now, the boundary conditions are
The functional now becomes
For ∂ /∂S = (1/L)∂ /∂R, the expression is extremely lengthy and, thus, is not given here. The general rule of how to take derivative (∂/∂R) of functional
. W is assumed to have the following expression
Here W o (ξ, R) is the solution of
with the boundary conditions of
From equations (21) and (22), it is not that difficult to conclude that W o is the equilibrium of the linear S-shaped microbeam with no axial load and no electrical force. a i (τ ) is a time-dependent variable (it is the constant to be determined in each time step). N is the mode number. φ i (ξ, R) is the ith mode shape solved from the following governing equation:
and with the boundary conditions of the fixed-fixed beam
By using the separation of variables method and applying boundary conditions, φ i (ξ, R) is given by Chang and Craig [19] as
i ( i is the ith dimensionless resonant circular frequency). c i , δ i , γ i and κ i are the given constants. For a higher beam mode, the mode shape φ i above can be simplified. The asymptotic approximation and simple expression for the mode shapes are given by Dowell [20] and Dugundji [21] . It is clear that from the boundary conditions of W o and U , the boundary conditions of W (equation (18)) are satisfied.
, multiplying φ i and integrating from 0 to R in equation (17) , the following set of N equations is obtained 
RESULTS AND DISCUSSION
F e , the nondimensionalized shaking electrical force per unit length, can be written as
We call α 3 V 2 o the shaking amplitude and 2 the shaking frequency for convenience. The parameter β is taken as 1.1 for all computation cases. F e is dependent on the displacement W and its effect on the adhered microbeam flexural motion is also implicitly dependent on R. During the vibration, R changes constantly as time changes. Therefore, the governing equation domain changes. As a result, the system's natural frequencies also change with time. Thus, the microbeam cannot reach a steady state and the resonance is not expected, even when the shaking lasts long enough.
We define the dimensionless length of the unadhered microbeam part, R o , as follows
S o , the length of unadhered beam part, is given in the illustration example. It is noticed that in that example, it is linear and there is no axial or electrical load.
Because F e = 0 at τ = 0 and if the initial modal amplitude a i values and initial modal velocityȧ i values are all set as zero, the analytical solution R o is the solution for R at τ = 0 when α 1 = α 2 = 0. By setting both α 1 and α 2 zero, R o can serve as the verification value to check whether the model and computation work properly at the beginning. This paper aims to study the basic behavior of dynamic adhesion and also for this verification reason, α 1 and α 2 are both set to be zero. And all modal amplitudes and velocities are also set to be zero as the initial conditions. The Hilbert-Hughes-Taylor (HHT) alpha method [22 -24] , which offers good numerical stability control, is used for the time integration. In Fig. 2 , α 4 is taken as 576. From the R o expression given above, R o is calculated as 0.5. When the initial conditions a i values andȧ i values are taken as 0, the initial value of R is supposed to match the static value of R o . Therefore, this 0.5 value serves as the verification number to tell whether the model and program work correctly. (23) and (24) with no electrical force and R = R o . Here, i can serve as a reference frequency for the purpose of the comparison study. AbdelRahman et al. [6] demonstrate that, for the fixed-fixed beam, the system natural frequencies reduce as electrostatic force increases. As the shaking electrical force F e is a nonlinear function of W , the system resonant frequencies are expected to have some shifts from i values. For this so-called non-ideal energy source system, whose external driving force is a function of the state (W ,Ẇ ,Ẅ ), the reader should refer to Nayfeh and Mook's book [25] for further in-depth reading. For the small vibration studied here, i values can still serve well as reference frequencies for the system response study when the external driving force does not dramatically influence the system natural frequencies. Figure 2 shows the comparison of 5-and 6-mode results, and R converges relatively well. Clearly R continuously changes with time. Figure 3 shows the convergence study of the displacement at ξ = 0.3. Because the shaking frequency (2 1 ) is selected between the first and the second resonant frequencies, the first and second modes are the two major participating modes in the microbeam deflection and our computation confirms that. However, as shown in Figs 2 and 3 , the other modes have some influence on the convergence, especially on R. The computational error of the complex forms of , its derivative and choice of value are the major error sources for the computation of R. In each time step, the program is designed to let R move back and forth with a certain step size to find a new R around the previous R, which can satisfy |∂ /∂R| < . If is very small, a very small step size and a lot of iterations are required to achieve |∂ /∂R| < . If is large, the accuracy of R will be doubtful. Except for some small parts of R(τ ) in Fig. 2 , the computation difference between 5 and 6 modes is very small. In Fig. 3 , the computation difference between 5 and 6 modes is much smaller. For all the following computation results, the mode number chosen is 6. Figure 4 shows the whole beam deflection at time τ = 0 (R = R o = 0.5), τ = 0.039 (R = 0.504507) and τ = 0.159 (R = 0.49704223). At τ = 0, the initial deflection is W o , which is the analytical available solution of the static case. If looked carefully, the beam deflection curve for τ = 0.159 crosses the beam deflection curve for τ = 0. This is due to the fact that at τ = 0.159, the second modal amplitude is relatively larger. Figure 5 shows the comparison of R under It is asymmetric, which physically means that under the periodically shaking force, the microbeam tends more to peel-off than to adhere. Figure 6 shows the comparison of displacement at ξ = 0.3 of 2 = 2 1 and 2 = 2 × 60 cases. 2 = 2 × 60 case is closer to the natural frequency 1 = 89.4916 and, thus, a larger response amplitude is shown. It is worth pointing out that, although there is a significant difference in their shaking frequencies and their R responses, the peaks and valleys of their displacement response match each other relatively well as if they share the same response frequency all the time. For a linear system, the steady-state response is directly associated with the shaking force amplitude and frequency. In Fig. 6 , the response displacement amplitude difference is very significant but there is only a little frequency response difference for the microbeam under two different shaking frequencies. The fact that R changes continuously, which continuously changes the domain of governing equation (26) and, thus, the natural frequencies of the system. Prevents the system to reach a steady state because a steady state can only be reached for the system with the fixed domain and the natural frequencies when the transients die out. But it still cannot explain why the two microbeam response frequencies under the two different shaking frequencies are almost the same. Figure 7 shows the whole beam deflection when 2 = 2 × 60 at different times τ = 0 (R = R o = 0.5), τ = 0.1095 (R = 0.509296) and τ = 0.2925 (R = 0.4976056). In Figs 2-7, it is clearly shown that the adhered microbeam vibrates with very small amplitudes. The shaking frequencies 2 (2 = 2 1 , 2 × 60) are deliberately chosen to be away from the resonant frequencies 1 and 2 (although R changes during the vibration, its effect on natural frequencies change is relatively small). Therefore, only a small vibration response amplitude is expected. Mathematically, nothing keeps us from choosing the shaking frequency closer or equal to the natural/resonant frequencies, but physically it may be problematic. It is noticed that in the governing equation for the unadhered microbeam part, there is no damping term. It is not that difficult to incorporate a c d w t (c d is the damping coefficient) term in equation (10) to account for the damping effect due to the beam internal friction and the viscosity of the surrounding air. This will not cause any significant change in Figs 2-7. Under forced vibration, the damping coefficient influences the system response amplitude and phase shift and such influence is continuous as damping coefficient changes. During the vibration, especially when the vibrating amplitude is large, the impact and the peeling-off/adhering interaction between the microbeam and substrate will account for the most energy dissipation. And so far, we do not have the dissipation model to account for such (local) energy dissipation mechanism. Therefore, for our dynamic computation, our shaking amplitude is chosen to be relatively small and shaking frequency is away from the resonant frequencies to avoid large amplitude response scenario and the modeling difficulties. Also, for such large amplitude vibration case, the vibro-impact model [26 -28] should be considered. In the vibro-impact model, the coefficient of restitution is responsible for the energy loss due to the impact [26, 27] . While, applying the method of coefficient of restitution should be restricted to the case of impact object(s) with very large stiffness and under such method, the object is assumed to bounce off immediately [26, 27] . When ∂ /∂S = 0 is used to determine the adhesion length, it determines the adhesion length in the N p = 1 case only. In reality, the structure adheres when N p 1. So our dynamic computation is more like a limit case computation. Van Spengen et al. [29] propose the method to model the real adhesion area as a distribution function by considering the surface roughness effect to solve such peel number issues. The work of adhesion term, equation (5) shows that b(L − S) is taken as the adhesion area and a constant work of adhesion per unit area is assumed in this paper. The difficulty in treating the adhesion area as a distribution function is how to guarantee the computation continuity in each time step because our governing equations are deterministic and the adhesion area keeps changing not only for the shaking force but also for the random process. The shaking force is a continuous function of time, but the random process is not.
From the fracture mechanics viewpoint on this adhesion problem (the crack front is at ξ = R) [13, 14] , our approach is a quasistatic one. An elastodynamics approach is very difficult. Depending on the loading conditions, the material characteristics and geometric configuration of body, inertial effects can be very significant [30] . Stress intensity factor (toughness) can be a time-dependent dynamic intensity factor (toughness) under certain loading conditions. Furthermore, the deformations of a crack front change the stresses at the distant points from the front [31] and the stresses are also modified by the boundary conditions of the rough crack surface, which results in the dependence on the crack front history [32] . Especially the normal stresses generated at the microbeam and substrate surfaces will directly influence the beam flexural motion. Such normal stresses are zero in the quasistatic assumption of the crack motion [32] . Unlike usual crack propagation in which the plastic deformation prevents rehealing (crack cannott move backward), R moves back and forth (which physically means the crack moves back and forth).
In Fig. 5 , it is shown that R moving frequency is proportional to the shaking frequency and its amplitude is proportional to the shaking frequency 'closeness' to the resonant frequency. Quasistatic assumption is viable when the effective mobility of crack front is very small [32] and this is the physical reason why the shaking amplitude and frequency are chosen to be relatively small and away from the resonant frequencies.
During the computation, W a , the work of adhesion per unit area, is assumed to be constant. Such an assumption may not be applicable to the peeling dynamics of some organic monolayers. For those organic monolayers, depending on their nature, the increase of pull-off force is observed when the driving velocity is increased [33] and a velocity-dependent adhesion model is proposed to explain such phenomenon [34] . As explained by Barthel and Roux, the velocity-dependent adhesion is due to the viscous dissipation, i.e., the layer is fluidlike; and for solidlike layer, there is no such phenomenon [34] .
CONCLUSIONS
We studied the vibration of an adhered microbeam. The excitation parameters are carefully chosen under the awareness of the model limitations. The static approach of determining the structure adhesion length under no electrical force by finding the functional stationary point(s) is extended to the dynamic case of the structure under periodically shaking electrical force. Also, the continuity of adhesion length and the displacement of (an arbitrary) point on the unadhered microbeam part is shown. The model presented here is capable of handling a non-linear large amplitude vibration case, but for reasons of verification and physical limitations of the model, only small vibration cases are shown (the electrical shaking force expression makes the problem nonlinear even for small amplitude vibration cases). The unadhered/adhered beam length is determined through finding the stationary point(s) of functional , which continuously changes with time and results in the continuous change of unadhered/adhered length. The equation of motion is for the domain of unadhered part of the beam. The constant domain change is responsible for the system not reaching a steady state, no matter how long the time is. Whether there is damping or impact influence, this qualitative fact will not change. The discussion of the model limitations constitutes a major part of this paper, and the related works to improve the model to be applicable to a general case are also suggested during the discussion of the model limitations.
